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PHYSICAL REVIEW D, VOLUME 59, 074019

Renormalized effective QCD Hamiltonian: Gluonic sector
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IDepartment of Physics, North Carolina State University, Raleigh, North Carolina 27695-8202
2Jefferson Laboratory, 12000 Jefferson Ave., Newport News, Virginia, 23606
3Department of Physics and Nuclear Theory Center, Indiana University, Bloomington, Indiana 47405

(Received 26 October 1998; published 8 March 1999

Extending previous QCD Hamiltonian studies, we present a new renormalization procedure which generates
an effective Hamiltonian for the gluon sector. The formulation is in the Coulomb gauge where the QCD
Hamiltonian is renormalizable and the Gribov problem can be resolved. We utilize elements of the Gtazek and
Wilson regularization method but now introduce a continuous cut-off procedure which eliminates non-local
counterterms. The effective Hamiltonian is then derived to second order in the strong coupling constant. The
resulting renormalized Hamiltonian provides a realistic starting point for approximate many-body calculations
of hadronic properties for systems with explicit gluon degrees of freefi86556-282(199)01807-X]

PACS numbgs): 12.39.Mk, 11.10.Ef, 11.10.Gh, 12.39.Ki

I. INTRODUCTION uniquely fix the gauge in non-Abelian gauge theories. In
general, there are many copies of each gauge field configu-
A quantum field theory that is local will ensure that cau- ration, all with the same divergence, that are related by gauge
sality is not violated; however, application of such a theorytransformations. As the true physical configuration space of a
in four-dimensional space-time will generate divergencesgauge theory is the set of gauge potentials modulo local
About 50 years ago in a series of papEty Dyson devel- gauge transformations, one must select a single representa-
oped renormalization to specifically address such infinities iive from each set of gauge-equivalent configurations. The
QED. He ingeniously converted the divergence problem intdesulting sub-setA, s, of independent field configurations
a useful criterion for selecting appropriate theories, namelys known as the fundamental modular region.
that they should be renormalizable. Today the view towards A convenient characterization ofl, is given by the
renormalization is somewhat more practical and perhaps lim-minimal” Coulomb gauge, obtained by minimizing a
ited in scope. Guided by Wilson and Weinberg, theories arguitably-chosen functional along gauge orbits. We define the
now regarded more as partial descriptions rather than conl-> norm of a field configuration along a gauge orbit by
plete constructs. Accordingly, contemporary approaches em-

body the concept of an effective theory that only mclude;_; the FA[G]=Trf d3x(A%)2, 1.1
necessary degrees of freedom appropriate to a specific en-
ergy range.

In this paper, we follow this philosophy and consider thewhereG(x) is a gauge transformation and
development of an effective QCD Hamiltonian for systems
with explicit gluon excitations in the few GeV energy range. A®=GAG'-GVG". (1.2
This work extends our previous Hamiltonian glueball inves-
tigation[2] and recent renormalization treatment of the quarkThen A5 is specified by choosing from each gauge orbit
sector[3]. Our motivation is three-fold. First, we seek a rig- the configuration which globally minimizefs. It is straight-
orous formalism connecting QCD to effective and tractableforward to verify that the extrema of satisfy V-A=0,
model Hamiltonians. Second, we wish to develop a realistiso that this defines a Coulomb gauge. Furthermore, at a
theoretical treatment to accurately describe hadron structurginimum of F the Faddeev-Popov operator satisfiels
especially systems with gluonic degrees of freedom such as —V-D=0 (i.e., its eigenvalues are non-negajivélere
glueballs and hybrids. Finally, we want to understand theD=V —igA is the covariant derivative. One can show that
basic confinement and chiral symmetry breaking mechaeonfigurations for whiciM =0 occur only on the boundary
nisms. of A,nys. These actually represent gauge copies and must be

We begin with the exact QCD Hamiltonian formulated in identified to give the full physical configuration space. Need-
the Coulomb gauge and focus upon the pure gluonic sectoless to say, the resulting functional space has an extremely
Renormalizing the quark Hamiltonian, which has been precomplicated structure. Zwanziger has shown how to rigor-
viously studied using a sharp cut-off regularizat{@), and  ously implement the restriction tody,s in the infinite-
the quark-glue sector will be addressed in a future publicavolume limit for a gauge-fixed version of the lattice QCD
tion. There are several reasons for utilizing the CoulomtHamiltonian formulatior{4].
gauge in which the divergence of the color vector potential The confinement phenomenon in QCD has two comple-
vanishes ¥-A=0). As detailed by Zwanzigd#], not only = mentary aspect$1) there is a long range attractive potential
is the Hamiltonian renormalizable in this gauge but the Gri-between colored source&) the gluons which mediate this
bov problem[5] can also be resolved. The essence of thdorce are absent from the spectrum of physical states. This
Gribov problem is that specification &f - A=0 does not poses something of a mystery in a covariant gauge, however,
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since for smallg?, (1) suggests that the gluon propagator key aspect of the renormalization scheme is the requirement
should be more singular thang?/ while (2) implies the that the transformed Hamiltonian be form invariant, i.e. it
propagator is suppressed. Thus the mechanism for confingaintains its mathematical structure but wih now replac-
ment is not particularly transparef]. ing A [8].

In the Coulomb gauge, in contrast, these two aspects can BecauseA can be arbitrarily large, we select an initial
comfortably co-exist: the long range force is represented bycale which is amenable to perturbation theory. The regular-
the instantaneous Coulomb interaction, while tinensversg  1zed Hamiltonian is expanded in powers of the coupling con-
gluon propagator can simultaneously be suppresseq? at stantg and for this study only terms to ordgf are retained.

—0. Indeed, a detailed analysis suggests precisely this IOi(y_\/hile the similarity transformation rigorously evolves the

ture. The key issue is the proper identification of the fundaScale it cannot account for confinement at hadronic energies.

mental modular region. Zwanziger has argued recently tha‘[hls.cor_lstltutes our main theoretical omission. For hadronic
- . , ._applications confinement may be described by supplement-
restricting the configuration space to the fundamental region . . ; ARG
. g . .2 ~ing the renormalized Hamiltonian with a confining interac-
results in the Coulomb term acquiring a singular contributio

. Loy S "tion. We will address this issue further in a future publica-
at long distancep4].” This singularity is also connected to a }

suppression of the propagator for the would-be-physical " a; s point we have obtained an effective Hamiltonian
transverse gluons af*=0. This suggests a rather appealing gjitable for application to the vacuum and excited gluonic
scenario for confinement in the Coulomb gauge. states, i.e. glueballs. However, our experief;6] indicates
For these reasons and because we are interested in undgyat an improved description can be obtained by performing
standing confinement, we adopt the Coulomb gauge and onlyn additional similarity transformation to a quasiparticle ba-
work with transverse components of the gluon fields. Nexisis. This is a BCSBogoliuboy rotation which mixes the
we divide the HamiltoniarH into a free partH,, which is  bare parton gluon creation and annihilation operators. As
the full Hamiltonian evaluated with zero coupling constant,previously demonstratef2,9] through variational calcula-
and interaction defined b, =H—H,. We work in a Fock tions for an unrenormalized Hamiltonian in both the quark
space spanned by eigenfunctiondgfwith eigenvalue€,.  and gluon sectors, dynamical chiral symmetry breaking oc-
In general matrix elements of the interaction diverge in thiscurs and reasonable values for condensates and constituent
space and we regulate by suppressing contributions betweemasses are obtained. Similar vacuum BCS variational calcu-
states in which the energy differend®,— E| is larger than  lations using our renormalized effective gluon Hamiltonian
scale set by a cut-off paramet&r However, we do not use are in progress and will be reported in a future publication
the sharp cut-off procedure of Gtazek and Wil4ah since  along with many-body Tamm-Dancoff and random phase ap-
this generates unacceptable non-local interactions upoproximations for the excited hadrdgluebal) spectrum.
renormalization. These may be avoided by using a smooth This paper is divided into five sections and one appendix.
regulator. This interesting result is not attributed to the spetn the next section our notation is established and the canoni-
cific Hamiltonian or choice of gauge since this featurecal QCD Hamiltonian is specified. Section Il addresses our
emerges in scalar field theories as well. Although our theoryegularization scheme. Section IV presents the main result of
is now rendered finite it is inappropriately dependent uporthe paper. It includes a discussion of the counterterm Hamil-
the paramete\. Furthermore, since this parameter is gov-tonian and the form invariance renormalization scheme. This
erned by free energies, the theory is no longer Lorentz inis followed by a sub-section devoted to the similarity trans-
variant. It is also not gauge invariant but after renormalizingformation which yields the final renormalized effective inter-
both symmetries will be restored along with elimination of action. A detailed representation of the canonical Hamil-
all the cut-off dependence. In addition to this regularizationtonian in Fock space is presented in the Appendix.
we also suppress divergent matrix elements of one-body op-
erators which arise from normal ordering the two-body inter-
action. Again a continuous, exponential cut-off regulator is ll. CANONICAL HAMILTONIAN
used and cut-off sensitivity is removed by renormalization. . o . S
Renormalization is achieved by adding a counterter h Our sltarté)ng point |s_the canomce(ljl QCD Ham|:t0n|an n
Hamiltonian which can be expressed in terms of unknowr;L e Coulomb gaug¥ - A=0 [10]. We denote spatial vectors

coefficients and a complete set of local operators that respe Y bo'iff?gegjiﬁr_;_t;t'es.tﬁn_?a ltﬁe the mattrlx n(f)tgtlon for the
the symmetries of the regularized Hamiltonian. An effectived2Ude NEIUSA= » W € génerators o mff) Ln
Epe fundamental representation, satisfyingT®,T°]

and elegant means for determining these coefficients is b . Lo .
g g £ifab°T¢ The gauge covariant derivative B=V —igA

performing a similarity transformatiorj7]. Because the . bi in the fund | . d
transformation is unitary, the physical content is preserve(?perat'ng on objects n t e fun am_er_lta representa_tlon an
D=V -—ig[A, ] for objects in the adjoint representation.

but the cut-off is now reduced to a lower valdg . The

transformation also introduces new interactions which incor- 1€ _dynamicall degr_ees of freedom are the transverse
porate the physics contained between the schlesdA ;. A gauge fields, thelr conjugate mpmemﬁ (?ISO. transverge
and the quark fieldy. The canonical Hamiltonian takes the

form

1This mechanism for confinement was first suggested by Gribov

[5]. Hear=Hg+Hg+Hc+H (2.1

a9
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with
Hq=f A3y (X[ —ia-V+Bm]y(x) (2.2)
Hg=TrJ d3x[7 - JII+B-B] (2.3
1
He=5 0% [ dxeyT Ky T (29
Hqg=—gf d3x T (x) a- A(X) h(X). (2.5
Here o'=9°y' and B=+° are the Dirac matrices7 is the

Faddeev-Popov determinant,

J=de{V-D], (2.6
normalized so that dgf’]=1, and B is the non-Abelian
magnetic field with components

g

B?: EijijAE—’_ EfijkfabCAJbAE. (27)

In the Coulomb term, Eq.2.4), the kernelK is represented
in “matrix” notation as
K2°(x,y)=(x,a|(V-D) "% (=V?)(V-D)~*y,b) (2.8

and the color charge densigy includes both quark and glu-
onic contributions

P2() =g ) T2g(x) + F2PAP(X) - TI°(x). (2.9

The nonvanishing canonical commutator for the gaugés

field is

ViV,
[Af‘(x),H}’(y)]:isab( 3 ,@J)Wx—w.
(2.10
The Fourier decompositions are
a _ d3k 1 ak at k ik-x
A (x)—me[ai< J+att(—k)le (.10

dk [ .
Hia(x)=—ifw %[aﬁ(k)—aﬁ‘*(—k)]e'“, (2.12

with w,=|k|=k. In momentum space E.10 reduces to

[a®(k),aT(k")]=8""(2m)%5® (k—k")Dyj(K), (2.13
where
kik;

Note that transversality ok andII requires

PHYSICAL REVIEW D 59 074019

k-a(k)=k-a*"(k)=0. (2.15

These operators can also be decomposed in terms of orthogo-
nal polarization vectors

(2.19

al(k)= 2 ek \)a’(k\),

For the Fermi field the operator expansion takes the form

d3k
h0=2 fw[uu«s)b(k,s)

+v(—k,s)d"(—k,s)]e'*X, (2.17
where s labels the helicity(color and flavor indices have
been suppressgdnd a nonrelativistic normalization is used
such thatu'u=v'v=1. The nonvanishing canonical anti-
commutators are then

{b(k,s),b'(k’",s")}={d(k,s),d"(k’,s")}
=8sg(2m)36® (k—k'). (2.18

It is straightforward to express the canonical Hamiltonian
in the Fock representation. The result@g?) is given in
the Appendix.

[ll. REGULARIZATION SCHEME

Perturbative schemes for renormalizing Hamiltonians
typically suffer from technical problems related to the occur-
rence of vanishing energy denominators. An elegant way of
avoiding this difficulty is the cut-off method of Gtazek and
Wilson [7]. This approach uses the basis formed by eigen-
tates of the free Hamiltonidn,, with eigenvalue&,,. The
theory is then regulated by suppressing matrix elemenits of
between states for which the difference in free energies
E.n=E,— E, is large. Specifically, matrix elements of the
regulated Hamiltoniatd (A) are defined by

(N[H(A)[M)=ESpm+ fam(A)(n[H (M), (3.1
whereH,=H—H, is the interaction. Heré,,(A) is some
convenient function which approaches unity &, ,|<A
and vanishes folE,/>A. In this work we employ a
smooth cutoff of the forrh

2 42
fom(A)=e EnnlA", (3.2
Note that diagonal matrix elements are unmodified.

A few remarks on this regularization scheme are in order.

First, it does not reduce the size of the Hilbert space, that is,

2We have also investigated a sharp cut-off, with,= 6(A
—|En.ml). However, this choice leads to pathologies in the renor-
malized Hamiltonian, specifically nonlocal counterterms. These
terms also arise in scalar field theory and thus have nothing to do
with the choice of the Coulomb gauge. This issue is discussed fur-
ther below.

074019-3
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no states are removed from the theory. Reduction to a finitthndependent results through some fixed order in perturbation

number of degrees of freedom—which is necessary for thénheory. It can be expressed as the sum of the canonical

nonperturbative calculations we wish eventually toHamiltonian and a “counterterm” Hamiltonian

perform—occurs later, after the variational vacuum state is

determined and the transition to constituent quarks and glu- Het(A)=Hcad A)+Hcp(A). (4.1

ons has been achieved. At this point we can apply, for ex-

ample, a Tamm-Dancoff truncation and consider hadronid he canonical Hamiltonian contains normal ordering contri-

states built from a small number of constituents. This trun-butions with integrals regulated as previously described. The

cation can perhaps be justified by the emergence ofounterterm Hamiltonian, which begins at orgérin pertur-

constituent-scale masses for the effective degrees of fredation theory, has operators with the same structure along

dom, which kinematically suppresses mixing with morewith additional terms necessary to correct for violations of

complex, multi-constituent states. A similar truncation in theLorentz invariance introduced by the regulator. Note also

bare parton basigcurrent quarks and mass zero glupns that the matrix elements dficr depend explicitly onA in

would be essentially meaningless. addition to containing the regulating exponentials. In gen-
Second, since the cut-off is defined in termsfige en-  grg|,

ergy differences it is not fully Lorentz invariafthough it is

rotationally invariant, of courge This is unavoidable in a N

Hamiltonian framework, particularly if positivity of the Hil- Her(A)=2 ci(A)AMO}, (4.2

bert space norm is to be preservgaus ruling out, e.g., the '

Pauli-Villars schemg Indeed we conjecture that requiring \ here thef0 A} are a complete set of local operators invari-

positivity forces one to employ a noncovariant gauge. The : .

renormalized effective Hamiltonian will therefore contain ant undgr thg §ymmetrles preserveq by the.regulator. The

Lorentz-noninvariant operators, that is, operators which Cor_super_scrlprA |_nd|cates that the .regula_tlng functions are to be

respond to Lorentz-noninvariant terms at the Lagrangiar‘"f‘ssoc'amd with the operatot}; that is,

level. The regulator also violates gauge invariance, though

this may be of less significance since we work in a fixed

gauge. Nevertheless our renormalization procedure, to be de- . . N -

tailed below, will automatically provide the counterterms\’\’he.reoi IS the bare” operator. The expllqt powers of

necessary to restore both symmetries. are inserted in Eq4.2) so that the coefficients;(A) are

Finally, this scheme does not completely regulate thedimensionlessr(i is four minus the mass dimension of the

theory. Normal ordering the two-body operators in the Ca_operatorOi). Operators for whicim; <0 are irrelevant in the

nonical Hamiltonian leads to one-body operatfsee Egs. renormalization group sense and will generally be ignored.
(A4) and (A8) in the Appendis with divergent matrix ele- Note that the coefficients; can depend om\ only through

ments that are not regulated by the above procedure. F(SEeir dependence on the “canonical” couplings of the

these matrix elements we insert an additional cut-off factort'€0ry- Thus

exp(—2wi,/A2), in the integrands of EqA4) and (A8).3 Ci(A)=T,g2(A)+ - (4.4
While there is substantial freedom in implementing this ' ' ’ '
supplementary regularization, observables computed froryhere the ellipsis indicates higher order terms in the pertur-
the Hamiltonian will be independent of the cut-off prescrip- bative expansion and for simplicity only a single indepen-
tion. We remark on this below. dent coupling has been assumed. The pure numbersire
At this point we have a fully regulated Hamiltonian for- independent of\. Thus the coefficients depend logarithmi-
mulation of QCD in the Coulomb gauge. The next task is tocally on A and one may only specify the change in the co-
remove the dependence on the cut-off paramétey adding  efficient. This may be contrasted with, for example, a gluon
counterterms to the Hamiltonian. This will be done perturba-mass counterterm which arises solely because the regulator
tively, which should be reasonable for QCD if the cut-off is violates gauge invariance. In this case the gluon mass is
not too low. The resulting renormalized effective Hamil- completely calculable within perturbation theory.
tonian,Hq(A), can then be analyzed nonperturbatively using  An exhaustive way of determining ot would be to list
many-body techniques. all permissible operators and then extract ¢h@y requiring
observables calculated perturbatively be both cut-off inde-

IV. CUT-OFF DEPENDENCE AND RENORMALIZATION pendent and Lorentz covariant. A more appealing, physically

A. Counterterm Hamiltonian and form invariance equivalent, approach adopted here is to perform a similarity

i h lized effecti i transformation on the Hamiltonian which reduce$o a new
Our goal is to construct the renormalized effective Hamil-¢, ;¢ A1 in the regulating exponentials. Because the trans-

tonian, Her(A), which contains a cut-off but gives cut-off ¢, meq Hamiltonian is equivalent to the original one, calcu-

lated observableg.g., eigenvalugsare unchanged. In addi-
tion to replacingA— A in Hg,, the transformation also
30f course, we could simply omit these operators from the Hamil-generates new, effective interactions representing the physics
tonian since our goal is to remove the cut-off dependence by addingetween the scales and A ;. Schematically, we have
counterterms. However, the divergences from these terms cancel
divergences elsewhere in the theory so we retain them. Head A)—Head Aq) + SH(A1,A) (4.5

(NOAmy=e"End>*(n| O, m), 4.3

074019-4
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under the similarity transformation. The counterterm Hamil- C ) as -

tonian is then determined by requiring that the full, trans- 2ab(k) = Nc5abf WV(H' k")

formed Hamiltonian have the sarf@rm as the original one,

but with A everywhere replaced b, . This requirement of

form invariance, or coherence, of the Hamiltonian under X

changes of the cut-off ensures that we have the most general

Hamiltonian allowed8,11]. In the language of the renormal- 4

ization group(RG), the self-similar Hamiltonian exists on an

infinitely long RG trajectory and thus constitutes a renormal- (C)ab b

ized Hamiltonian. Mi 72 (k) = N o f(—sv(k“( )
We now sketch this procedure to first order i

2 2
w,t+ w ' 2
XDy (ke 29N (4.10

Wy

=g?/4. In this caseHcr is of orderag and since the simi- wi,—wﬁ 20l A2
larity transformation leave$i-r unchanged to this order X\ —ron | Pii(kDe . (4.10)
(apart from replacing\ by A, in just the regulating func- Kk
tions) we have Next the cut-off is reduced by an infinitesimal amouhg
— A3, with
Herl(A)—Heaf A1)+ 8H(A1,A) +Hor(A). (4.6 A2=(1-AZ €0, @12
In this expressioH <y is understood to hava replaced by The difference
A, in the regulating functions but nowhere else. We now . . Clab Cab
demand that the transformed Hamiltonian be equal to 5Hi(J a (k;A'E)EHi(J a (k;A)_Hi(i (kA (4.13

to be included insH is then expanded to first order i
He(A)=Hal A7) +He(Aq). (4.7  followed by an expansion in powers kfA. Retaining only
those terms which correspond to relevant or marginal opera-

This uniquely determines the structure g . tors in the renormalization group sense yiélds

A prescription for treating the cut-off dependent terms
from normal ordering must also be specified since these areéﬂ(c)ab(k A, )— N ;6% ( )
not regulated by the cut-off on energy differences and are @k 414
also unaffected by the similarity transformation. Our pre- '
scription is that upon performing the similarity transforma-here the dots represent terms of ordén and higher.
tion, we replaceA by A, in these terms in the canonical gimijlarly we obtain
Hamiltonian and include the difference between this and the

1 16
TA2, P2
3A +15k+

original terms—the “slice” coming from momenta between (C)ab 1., 2,
Ay and A—in &H. SMi (kG A, >— 7 Ned; 5 o g/\ =K
We first determine contributions t8H coming from the (415
normal-ordering terms. The one-body operators in the effec-
tive Hamiltonian have the general form Performing the same steps for the divergent contributions in
Hg [EQ. (A4)] produces
(2) _ d*k b ab at b 2
eff(A)_f(zT)s{[wk‘sij‘Sa +1IL57(k) Jai (k) aj (k) {220 (k; A, e)— N 58 ( )(§A2+---) (4.16
Wy
+M3P(k)e~ 207N Tad(k)ab(— k) +H.c.}. and
4.9

1
SM{P20(k; A, )— N 86 ( )(§A2+
Note the presence of the regulating function in the second @k
term. From rotational invariance,

(4.17

B. Similarity transformation

We now develop the similarity transformation renormal-
ization procedure. This follows the formulation of Wegner
[12] who derived flow equations for diagonalizing a Hamil-

I12°(k) = A2%(k) &; + B2 (K)kik; , (4.9

with similar structure forM f’]b Due to transversality, how-

ever, only the term proportional t6;; need be considered.

From EQS(A4) and(A8) we can identify the contributions to 4t may be necessary to retain some irrelevant operators if the
1'[a and Ma arising from normal ordering the two-body cut-off is reduced much below the scale of physical interest, but for
operators From the Coulomb term we have the present we ignore these.

074019-5
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tonian. Consider a continuous transformation governed by h.(A)lm :e—EZ (LUA2-1/A?) nlh-(A)Im 4.2
unitary operatolJ which depends upon élow) parameter nlhy(Ay)|m) " (nlhy(A)|m). (4.29
\. Let T(\) be the generator of the corresponding infinitesi-gjnce

mal transformation. Then for a continuous transformation

from \; to Ay (n|hy(A)|m)oceEnnlA?, (4.28

N
U(N\¢ ;)\i)zefx:“”d”, (4.19  we see the the transformation has indeed replacedA ; in
the regulating exponentials for these terms.
where\-ordering of the exponential is understood. Note that  The expression at second order reads

T must be anti-Hermitian since)=U"2. The similarity

transformation for a Hamiltonian which also depends\aa d
then given by —dA_2<n|h2(A)|m>
HON) =U ¢ N)HOADUT N, (4.19

= —E3{n|ho(A)|m)+ > (Eq+En—2E)
and for an infinitesimal evolution !
X(n[hy(A)[1){1]hy(A)[m). (4.29

dH(\)
dx =[TOOHMT (4.20 Once again the first term on the right-hand side has the effect
_ _ of replacingA — A, in the overall regulating exponential. It
Wegner has determined that the generator choice is trivial to see that this same structure occurs for each order,
_ so that the transformation does indeed replace A, in all
TV =[Ho, HMI, (4.2 matrix elements of the Hamiltonian. It is convenient to iso-

suppresses the off-diagonal matrix elements thereby rendelf"}te this explicit cut-off dependence by defining “reduced”

ing H “more diagonal” as\ increases. We have indepen- matrix elements, denoted By,
dently obtained the same generator choice by requiring that
the transformation properly change the cut-off parameter in
the regulating functions for all matrix elements of our Hamil- Notice thatV, does not depend on. In terms ofV,, Eq
tonian. We now demonstrate this but first note, from Eqs(4 29 reads ! ' 2 =
(4.20,(4.2), the dimensions ok are[E 2] so to work di- '

(nlhy(A)|my=e"ElA(n|Vy(A)|m).  (4.30

rectly with our energy cut-off parameter we substitute 2 o, d
— A 2. Then combining the above equations yields e EnnlA dA_2<n|V2(A)|m)
dH(A) 2,22 .2
A2 ~[Ho, H(ALH(A)]. (4.22 =, (Ey+Empe” EntEm A% n| vy 1) (I|V4|m).
[
By expanding the interaction Hamiltonian in powers of the (4.3)

coupling at this scalé, ] ] )
This can be integrated to give

Hi(A)= 2, p, 42 (alovalm) =3 O(Ey EmnlVaA) VA ),
we can examine Ed4.22 order by order. At zeroth order (4.3
dH, where
— =0, 4.2
dA - 424 (Nl aVlm) =(nIVa( A m)— (V) [m). (4.3

so that the transformation preserves the cut-off independencenis change in the interaction explicitly represents the phys-
of the free Hamiltonian. At first order we find ics removed in reducing the cut-off froth to A4, to this
order in perturbation theory. The quantity

dhy(A)
dA 2 =[[Ho.h1],Hol. (4.25 1 2 2
®(En| 1Em|)E_ _—+ = (eiZEnlEmllA —eiZEnIEmIIAl)
i i ; 2\Ey  Ep
Expressed in terms of matrix elements this becomes @33

plays the role of an energy denominator in conventional per-
turbation theory. Note that cancellation between the two ex-
ponentials suppresses the contribution when the energy dif-
Integrating Eq.(4.26 from A to A, then yields ferences are small. Thus the potentially singular factors

d
ga=z{nha(A)|m)=—Equ(nhy(A)|m). (4.2
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1/E,,, etc., are not problematic. It is straightforward to ex- ab o € 2N¢)
tend this procedure to higher orders. Sl (kA e) = 5 o° 11— T A+
We can now compute the various one-body operators in- @. 41)

duced by the similarity transformation. Consider first the
contribution toS1l arising fromqq intermediate states. It is where we have selil.=3. We recognize the lowest-order

given by coefficient of the QCD beta functiofiy=11—2N;/3.°
2 calb 3 Next we consider the various contributionsail f}b The
sT1(auarkbab ) — ﬂE f d*q O(AA) gqg intermediate states yield
" Aoy (2m)® ' .
€
x[u'(k+q,S)av(—q,8")] MR == 2N, yb( k)(1_2A2+
x[vl(-aq,s)aju(k+a,9)], (439 (4.42

while three-gluon intermediate states give
where

A=w—Eq—Eyiq- (4.39 SM P20k A e)_— N 88 ( )
Wy

We again expand this for a small change in the cut-off and

discard contributions corresponding to irrelevant operators. % iA2+ Ek2+ . (4.43
The result is 24 15
K Dab Combining these results with the contributions from the
SIT{IHa D0k A €)= — N 8;j6%° o normal-ordering terms gives
€
% %2A2+%\/§M+"' , M (KA €)= 55ab( ){2/301\2 k2+---}
(4.44
(4.37
_ for N.=3.
where the dots represent terms of ordek Hnd N; is the One-body operators in the counterterm Hamiltonian have

number of light(i.e., lighter than the cut-off scalequark  the general form
flavors. There is also a contribution arising framggg inter-

mediate stateganalogous to a “Z-graph” contribution d3k
which gives Her(A)= (zT)s(Hc;T(k;A)a?T(k)a?(k)
5H(quark2)ab(k A 6)_ N 5 S5 ( ) +MCT(k A) Zwk) In? [a (k)a ( k)+H C])
Wk (4.45
x iAz_E \/Ekzu—--- _ since the cut-off dependent terms are all proportional to
12 6 V2 8;j8%°. Let us focus first on the term iflcr that depends
(4.39 quadratically onA. On dimensional grounds one has
The complete contribution arising from multi-quark interme- _% i bA2 (4.4
diate states is thus T a7\ 2w, :
(quarkiab, | . ag o €V(1 ., whereb is a numerical constant independentAofAfter the
o1l (KA, €)== ;N &* P AR similarity transformation we have

439 el M) Her(A) — Heaf A+ SH(A L, A)+ Her(A),

The contribution from multi-gluon intermediate states (4.47)

may be evaluated similarly; the result is where 6H represents the contributions computed above.

Note that to this order, the only change i, {A) is to
SN2 A €)= — N 86 ( ) replaceA with A ;. Equating the second and third terms on

“k the right-hand side of Eq4.47) to Her(A ;) yields, using
Eq. (4.46),

X 1A2 16|<2 4.4
1—2 +E__> + (Q

Combining these results with the contributions from the S5This is purely accidental since an alternative regulator choice in
normal-ordering terms gives the compleiél at this order:  the normal-ordering terms gives a different result.
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at this order, withc(A) logarithmically dependent oA. The
requirement of coherence of the Hamiltonian under a change
of the cut-off fromA — A, then gives

=bA?%(1—e). (4.48 o ( 4C,

1
EG,BOAZ-I- bA?=bA?

6477'

3 +c(A)=c(Ay). (4.59

Thusb=—8,/2, and
Expandingc(A ;) aboutA;=A yields

agBoA? [ d3k ( 1

Her(A)=——g— 2m)3 | 20

Zwk

aff(k)ad(k)+--. d as [8Ch
) s

(4.49 AgreM=27173

It may be verified that this counterterm removes the quadratito O(¢) and hence

cally divergent part of the gluon self energy to second order, 8C

as it should. Of course, this is simplpart of a gluon mass _ % A

term with the mass given by ¢(M)= 77|73 /In(AMAo), (4.5

agBoA? whereA, is an arbitrary scale.
m§= ~ 3 . (4.50 As discussed above, one can interpret this counterterm as
. corresponding to a renormalization of the gauge field with
form

Note that the quadratically divergent part8¥l has exactly
this structure. Therefore, when expressed in terms of the field
operators the complete quadratically divergent part of the
counterterm Hamiltonian is simply

A= A=Z732A, (4.57

11A
+EC()

Thus, the free part oH,, combines with this part of the
m2 counterterm Hamiltonian to simply produce a free Hamil-
Her(A) = _gj d3XAZ(X)AX(X) + -+ . (451  tonian when written in terms o&’. The gauge field anoma-
2 lous dimension is now easily computed to be

The remaining operators ikl may be similarly con-
structed. Dimensionally, the term in E¢.44) containing
the factor— 8k? represents a logarithmic divergence. Hence,
it should correspond to the only logarithmic divergence to g (4_%)

= 1AdIZ
O R T

which we are sensitive at this order, namely the gluon wave T 16020 3 (4.58
function renormalization. To see this we invert the Fourier
expansions and express this operator in terms of the fields t#t lowest order, there is no contribution 4g, from fermions
obtain in this scheme.
It is significant to note that with a sharp cut-off, the above
w. [ 4AC results are again obtained, but with two differences. One is a
SH= _6_5(_A) Trj d3x(B%—11?), (4.52 slight difference in the value of the gluon mass. The other,

4m\ 3 which is problematic, is a contribution

a d3k
where We_have_,- restored_th_e_depe_ndence on t_he_ number ¢f L:(_S) E,Bo/\f S[ai(k)ai(_k)"'ai)r(k)ar(_k)]
colors[ Co=N_. is the Casimir invariant of the adjoint repre- A (2m)

sentation of SU{.)]. This has precisely the correct struc- (4.59

ture for a wave function renormalization since, if the gauget0 the counterterm Hamiltonian. This corresponds to a non
field is rescaled byA— Z}A then the conjugate momentum : P

) . Z local interaction, as may easily be seen by inverting the field
12y7 6
is rescaled by the Inverse fac_:tcH,—tZA 1. . expansions and writing Eq4.59 in terms of the field op-
The counterterm Hamiltonian will thus contain a term erators
3y(R2_TT2 I ) 3y 3
Her=c(A)Tr | d®x(B?—11?)|¢_g (453 Hne=—{ 7, €Bol | d°xd%y

1
Xw[A(X) -VZA(y) +(x) - TI(y)].
BA quick way to see this is to note that in a functional Sctinger
representatiol = —i 5/ 5A. (4.60
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The nonlocality arises because the interaction kernel is now where w,= wy,, etc.

polynomial in[k| rather thark. For O(g?) we obtain (normal-ordereyl four-point cou-
plings
V. CONCLUSIONS

The main, new result of this study was the rigorous deri- 4 d3k, 1

. . . . . . H(4) fabc:fade H (2 )3
vation of a renormalized effective Hamiltonian to orggrin =1 (27)° ) Jorwpmam, 77
the strong coupling constant. This was achieved through a 172%s™a
similarity transformation in conjunction with a continuous 3 b bt
cut-off regularization scheme. The use of a sharp cut-off X & ; Km|:[a7(K1) +a7 (—ka)]
regularization led to an unacceptable non-local Hamiltonian.
The effe_ctive Hamiltonian was detgrmined_by introducing an x[a]?(kz) +a}3’f(_ ko) l[ad(ks)+a%(—ks)]
appropriate counterterm Hamiltonian and imposing form in- :
variance on the transformed Hamiltonian. Renormalization x[af(ks)+aj" (—ka]:, (A3)

not only restored the proper symmetries but also rendered all
observables calculated with this Hamiltonian insensitive tovhere as=g?/4. In addition, there are one-body operators

the cut-off parameter. which arise in normal ordering EGA3):

Future formal work will address both the issue of confine-
ment as well as renormalization in the combined quark-gluon d3kdik’ 1 2
sector. In particular both perturbative and non-perturbativeH{” = asmN fWW[Z&j—D”(k’)]ezwk"A

approaches will be examined. Such a treatment is fundamen-
tal to understanding the role of gluons in the structure of
mesons and baryons. Finally, utilizing many-body tech-
nigues, large scale applications of the effective Hamiltonian

focusing upon glueball and hybrid meson systems will be
reporteg pon g y y whereN. is the number of colors and a quadratic divergence

has been regulated by introducing an additional damping ex-
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X ai"‘T(k)a?(k)Jr%(af’(k)af‘(—k)+H.c.) . (A%

+0(g3). (A5)

APPENDIX: CANONICAL HAMILTONIAN - o
Writing this in normal order generates two- and one-body

In this Appendix we present the canonical Hamiltoniangperators. We shall exhibit here only those terms involving
expressed in the Fock representation. The free Hamiltoniafhe g|uonic component of the color Charge density; the

is simply purely fermionic contributions may be found in RE3).
a3k The two-body operators involving only gluons are
Ho= f Zaped (aik)
7 o * a3k wowy\ ?
H(4,gg):__3fabCfadef T —5 r2a
c 8 n=1 (2m)° )| 0y,

d3k ; ,
2 f(zw_)sEk[b (k,s)b(k,s)+d'(k,s)d(k,s)],
(A1) X V(kq+kp)(27)3 8 (2 K )

whereE, = Vk?+m? andw, = |k|. The interaction terms will rab bt, cL \_ act,
be separated according to their term of origin in Ed). c[aitky+ar(—kyartky) —a7 (k)]
From the purely gluonic ternH,, we have three-point cou- x[a?(k3)+a?T(— k3)][af(k4)—afT(—k4)]:,
plings to O(g)

, (A6)
(3):£ abcf ( d3kn ) klj 3
HQ 21/§f nl;[l (27T)3 W(ZW) where
X80 S k| Lafky) +a (—ky)] o=, (A7)

b bt _ c ety _ .
x[ay (k) Taji(—kp)]lai(ks) T (—ks) ], is the momentum-space Coulomb potential. The one-body
(A2) operators obtained in normal ordering E46) are
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a3k’ Wit o 2
HE) =22 e Vit k)( o | Di(ke 2 M e (k) ai (k]
kK’ — wj
8 @ V(k+k") wk’k)Dij(k')ezwi"Az[a?(k)aj“(k)+H.C.]. (A8)

Again, quadratic divergences have been regulated with exponential cut-offs.
There are also mixed fermion-gluon two-body operators, given by

i d3kdPk’ d3qdq’ wg | V2
Ha9 — _ SEJ - fabc‘rgﬂ(—q V(g+q")(2m)36d(—k+k'+q+q):[a’(q) +aT(— )]
. 2m°®  (2m) wgq

x[af(q)—af" (=) 1(u'(k,s)u(k’,s")Ibl(k,s)bg(k’,s") +[vT(—k,s)v(—k',s")]d,(—k,s)d}(—K',S")
+[UT(k,S)v(—k',S’)]bl(k,s)d};(—k’,S')+[vT(—k,S)u(k’,S’)]da(—k,S)blg(k',S’)):. (A9)

No tadpoles arise from normal ordering this operator sifitéas zero trace and tH&° are antisymmetric.
Finally there is the quark-gluon coupling tetrhy [Eq. (2.9)]

d3kdk’d3q T2
O T
s,s’ 2a)q

+oT(—=k,s)av(—k',s")]d,(—k, S)dﬁ( k',s")+[u'(k,s)ajv(—k',s )]bT(k s)d (—k',s")

(2m)383(—k+k' +q):[al(q) +a% (—q)1(u'(k,s)aqu(k’,s")Tbl(k,5)bs(K,S")

+[vT(—k,s)a;u(k’,s’ )1do(—k,s)bg(k’,s")):. (A10)
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