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Atomic Hardy Space Theory for
Unbounded Singular Integrals

RYAN BERNDT

ABSTRACT. We examine singular integrals of the form

. B(y)
Tf(x) =1 22X e(x—y)d
(x) lim lelzs Y (x-y)dy

where the function B is non-negative and even, and is allowed to
have singularities at zero and infinity. The operators we consider
are not generally bounded on L?(R), yet there is a Hardy space
theory for them. For each T there are associated atomic Hardy
spaces, called Hj and Hy'. The atoms of both spaces possess a
size condition involving B. The operator T maps Hy' and certain
H}, continuously into H' C L'. The dual of H} is a space we call
BMOg. The Hilbert transform is a special case of an operator T
and its H} and BMOp spaces are H' and BMO.

1. INTRODUCTION

We discuss a Hardy space theory for a certain class of singular integral operators
which are, in general, unbounded on L?(R). By “Hardy space theory” we mean a
theory that substitutes for the operators lack of continuity on L!(R).

The operators in which we are interested are of the form

. B(y)
1.1 T =1 —_— - ay,
(1.1) f(x) eli%fmze > fx—-y)dy

where B is a non-negative function from a class of functions we discuss in a mo-
ment. One such function B has singularities like |log |y || near the origin and
infinity—such a function is not allowed in the standard Calder6n-Zygmund the-

ory.
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Our work in one dimension was prompted by the n dimensional, n > 2, work
of R. Fefferman [5] on singular integral operators possessing additional functions
in their kernels. Continuity on LP (R"), 1 < p < oo, was obtained for pv(K * f)
where the kernel K was of the form

Q(x/|xl)

||

K(x) = B(|x]).

The function Q satisfied certain smoothness and cancelation conditions. In this
case the function B was bounded. But, such a theorem does not carry-over to the
one dimensional case. When n = 1, then K(x) is of the form B(x)/x where B is
even. If B(x) = sin x|, then pv(K * f) is not bounded on LZ(R) [8].

We have found a condition for B other than boundedness that has proven
useful for a discussion of the properties of the associated operator T. Let B be the
set of all positive, even functions B for which there exists a constant ¢y, 0 < ¢p < 1,
such that

B(x)
||

for all x # 0. The set B enjoys many closure properties. For example, the com-
position of two functions in B is an element of B. Other properties of B are
discussed in Section 2. We note that if B(x) = 1/, then B satisfies (1.2) and
B(x)/x is the kernel of the Hilbert transform.

If B € B, then we may have singularities in the kernel other than 1/x. For
example, if 0 < & < 1 we may take B(x) = |x|%. In this case ¢y = « suffices to
satisfy (1.2). We might call B(x)/x an odd “Riesz potential.” Another example is

(1.2) B ()] < co

B(x) =+/1+ log2 |x|. More examples of functions satisfying (1.2) are discussed
in Section 2.

The operators given in (1.1) with B € B are not necessarily bounded on
L?(R). This is because of the following theorem.

Theorem 1.1 ([2]). IfB € B and K(x) = B(x)/x, then K exists as a tempered

distribution and can be identified with a function (which we also call K) such that for
z € R,
K(z) = —isgn(z)B(1/2)s(2).

The function s is a real function that is bounded above and below by positive constants.

We remark that Theorem 1.1 is a generalization of the the identity
h(z) = —isgn(z)

where h(x) = 1/1tx, the kernel of the Hilbert transform.
The immediate consequence of Theorem 1.1 is that when B € B, the operator
T is bounded on L2(R) if and only if B is also bounded. We will consider the
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case where B is bounded (and so when T is bounded on L?), but we are particular
interested in the case where B is unbounded and hence when T is unbounded on
L*(R).

This brings us to the main point of the paper: finding atomic spaces that non-
Calderén-Zygmund singular integral operators map continuously into L!. We do
this even in the case where the operator is unbounded on L?(R). Since the proof
that the Hilbert transform maps H! continuously into L' usually relies on the
fact that the Hilbert transform is bounded on L2, substitute methods must be
developed. Thus, another part of this paper’s goal is to show that boundedness on
L? is not essential for the singular integral operator to have important mapping
properties.

We make a brief note about notation. The letter B will always denote a func-
tion from the class B and K (x) will always equal B(x)/x. Thus, K will always be
an odd function. The letter T will signify the operator T f(x) = pv(K * f)(x).
When B(x) = 1t71, then T is the Hilbert transform and we use H to denote this
operator. We write fq for the mean value of a function on the interval Q. Finally,
we use the letter C to denote a constant that is suitably independent of the other
quantities appearing in context. The value of C may vary at each appearance.

2. NATURE OF THE KERNEL AND EXAMPLES

Definition 2.1. The class of functions B consists of non-negative, even func-
tions that are positive except perhaps at zero. Each B € B is differentiable away
from 0 and has a constant ¢g, 0 < ¢¢ < 1, associated with it so that

2.1) B/ (x)] < co %)

for all x # 0.
Ix|

We note that if B(x) = 1/, then B € B with ¢ = 0 and K(x) = B(x)/x is the
kernel of the Hilbert transform.

The class B is closed under addition and composition and partially closed
under multiplication. We list some closure properties below. The reader may
readily verify them.

(i) B is closed under addition.
(ii) If B1, B, € B with associated constants ¢y and ¢, then BB, € ‘B provided
co+ch<l1.
(iii) If0 < @ < 1 and By, B, € B, then BYB} ¢ € B.
(iV) H:Bl, B, € B, then B, o B, € B.
(v) If Be B, then 1/B € B.
(vi) If B(x) € B, then B(1/x) € B.

The functions in B enjoy other useful properties as a consequence of (2.1).
It implies B(x) is integrable near zero and B(x)/ x? is integrable at infinity, see
Lemma 2.5. These two statements are in fact equivalent because of (vi) above.
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Second, B(x)/x is a decreasing function for x > 0 and xB(x) is increasing for
x > 0, see Lemma 2.2.

It is sometimes more useful to express (2.1) in terms of the function K(x) =
B(x)/x.If K(x) = B(x)/x and B € B, then there exist constants ¢; and ¢, with
0 < ¢; < ¢y < 2 such that for x # 0,

K(x) K(x)

<-K'(x) < .
x

(2.2) C1

The inequality (2.2) is equivalent to (2.1) and we will use the characterization
(2.2) when it is convenient, see Lemma 2.4. Since K(x) = B(x)/x, K is an odd
function, differentiable for x # 0, and decreasing for positive x.

Before we prove these assertions about the functions B € ‘B, we present some
concrete examples of kernels K that satisfy (2.2). For example

1 + log?
K(x) = YLt log IX]

X

is an example of a kernel satisfying (2.2) We note that near 0 and oo, K(x) ~
|logx|/x. Here, we may take ¢; = % and ¢; = %

Another example is given by an odd version of the Riesz potentials. That is,
for 0 < & < 1 we may take K(x) = x 1" for x > 0 and extend K to be odd. In
this case we have ¢; = ¢, = 1 — ¢t in (2.2).

The kernel K(x) may be more or less singular at zero and infinity than is
allowed in the classical theory. For example, we may take 0 < B < 5 and we may
take K (x) to be the odd extension of any of the following functions:

1 1 J1+log?Ix] 1 +log? x|
X181 +log* x| x1+B/1 + log” |x| X1t x1-F

Even more striking is the following example. Since |x|!/? € B we have |x|7!/2 €
B and hence |x|1/? + |x|~1/?2 € B. Thus, the odd extension of

K(x) =x"12 4 x73/2

satisfies (2.2). Comparing to 1/x, this kernel is more singular at zero and at
infinity.

Finally, the kernel K(x) may have an oscillating factor in the numerator (al-
though it must remain positive). For example, for any ¢y with 0 < ¢y < 1,

e (o], () ar)

X
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satisfies (2.2).
We will use the following lemmas in Section 3. The reader may wish to
postpone reading them until they are needed in Section 3.

Lemma 2.2. If B € B, then for positive x, B(x)x is strictly increasing and
B(x)/x is strictly decreasing.

Proof. This is easily checked by showing that the derivative of B(x)x is pos-
itive and the derivative of B(x)/x is negative. O

Lemma 2.3 relates with an inequality the behavior of B under dilation with the
functions x and x~. It also provides a representation formula for B.

Lemma 2.3. If B € B with constant Cy, then there exists a bounded function
s(x), 1s(x)]| < co, such that
(2.3) B(x) = B(1)elr s®/nat
fora.e. x > 0. Hence, if A = 1, then A=B(x) < B(AX) < A“B(x). In particular
K(x) = 0asx — .

Proof. Take x > 0. We may write (2.1) as

B0 st
B(x) x

where [s(x)| < ¢g. In Lemma 2.2 we saw that B(x)/x is decreasing for x > 0 so
for any compact set K C (0, ), |B"(x)| < co B(x)/x < coCk for some constant
Ck depending on K. Thus, B’ (x) is locally bounded away from zero and hence
B is locally absolutely continuous away from zero. In particular, logB(x) can
be recovered from the integral of its derivative for almost every x in any closed
interval contained in (0, o). Therefore, we may solve the differential equation
and get (2.3). O

Often we will apply a weaker version of the dilation property given in Lemma 2.3,
namely if A > 1, then

(2.4) A71B(x) < B(Ax) < AB(x).

Lemma 2.4. Let K (x) = B(x)/x where B is an even function.
(i) Ifthere exist constants ¢\ and c2, 0 < ¢1 < ¢3 < 2, such that for all x # 0

K(x) K(x)

< -K'(x) <o ,
X

1

then B € B with co = max{1 — c1,c2 — 1}. Furthermore, if c; < 1, then B
is strictly increasing for x > 0 and if 1 > 1, then B is strictly decreasing for
x> 0.
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(ii) IfB € B, then there exist constants ¢\ and ¢, 0 < ¢1 < ¢y < 2, such that for
x#0

clK(x) < -K'(x) < CZK(X)
X X

where 1 — ¢3 = infys0 B (x)x/B(X) and 1 - ¢; = sup,..,B"(x)x/B(x).

Proof We show (i) for x > 0. Since —K'(x) = B(x)/x? — B'(x)/x and
K(x) = B(x)/x, we have

C]B(X) - B(x) B B’ (x) - czB(X)

2.5) x2 x2 X x2’
which is equivalent to
1-enBX S gy s (1= ey BX)
X x

Thus, if ¢; < 1, then B is strictly increasing for positive x and we may take

co =1—cy. Ifc; > 1, then B is strictly decreasing for positive x and we may take

co = Cy — 1. Otherwise, 0 < ¢; <1 <c¢y <2andso |B'(x)| < max(1 —cy,¢2 —

1)B(x)/x. We note that in all cases, we may actually take c) = max(1—cy,c2—1).
We now prove (ii). We take x > 0 and write (2.1) as

e < B’ (x)x -
"= "B(x)

Then we have

B'(x)x - B'(x)x - B’ (x)x - co.

~C =B < B =S B

Taking 1 — ¢; = infxso B'(x)x/B(x) and 1 — ¢; = sup,..,B'(x)x/B(x) we have

where 0 < 1—cg < ¢ <¢3 < 1+4¢p < 2. We multiply the inequality by B(x)/x?
to get
B(x) _ B(x) B'(x) B(x)
C2—— = 5~ = () 5 -
x x x x

This is exactly (2.5) and so (ii) is proven. O

Lemma 2.5. If B € B, then B(x) is integrable near x = 0 and B(x)/x? is
integrable near x = 0. In particular, we have the estimates

s 1
(2.6) 7 ClsB(s) < Jo B(x)dx < 7 CZSB(S)
1 B(s) * B(x) 1 B(s)
(27) C_2 B =< _L X2 dx < C_IT
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Proof- In Lemma 2.3 we saw that B is locally absolutely continuous away
from zero since B is differentiable and B’ is locally bounded. Similarly, K is locally
absolutely continuous away from zero. Let € > 0. Using the identity B(x) =
xK(x) and integrating by parts we have

S S

(2.8) J xK(x)dx = 1 x*K' (x) dx + lszK(s) - lEzK(f).
€ 2 Je 2 2

Since —K'(x) < c2K(x)/x, s?K(s) = sB(s) and 2K (¢) is positive we have

2r xK(x)dx < c; JS xK(x)dx + sB(s).

So that

N

J xK(x)dx < ! SB(s).
£ 2-0

Fatou’s lemma gives us the right hand inequality of (2.6). To get the other half

of (2.6) we again integrate by parts to get (2.8). Then, we apply the inequality

—K'(x) = c1K(x)/x to get

(2.9) ZJS xK(x)dx = ¢ JS xK(x)dx + s2K(s) — 2K (¢).

&

We claim that €2K(g) — 0 as € — 0. In Lemma 2.3 we saw that B(x)/x — 0 as
X — oo for any function B € B. Since B(1/x) is also an element of B we know
that B(1/x)/x — 0 as x — co. Then, by substituting € for 1/x we find that
e2K () = €B(e) — 0 as € — 0. Hence, after taking the limit of both sides of (2.9)
and applying the dominated convergence theorem we obtain

2JS xK(x)dx = c; JS xK(x)dx + s2K(s).
0 0

Thus,

S
J xK(x)dx > 1 SB(s).
0 2-¢

To prove (2.7) we take R > s and apply (2.2) to get

R R R
1 —K'(x)dst @dxslj -K'(x)dx
Ccy Js s X C1Js
and so
RK(x)

c;'[K(s) —K(R)] < = dx = ci'[K(s) = K(R)].

N
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Finally, by Lemma 2.3, K(R) — 0 as R — oo, so taking the limit as R — co gives

us
R
1 B(s) < lmJ Kx) dx < iB—(S),
c) S R-wJs X c1 S

and the monotone convergence theorem allows us to pass the limit inside the
integral. o

3. MAPPING PROPERTIES OF T AND AN ASSOCIATED DUAL

The Hardy space H! can be characterized atomically: any function f € H! is a
sum of the form >, Axax where Ay is a sequence of numbers such that >, [Ax| < oo,
and each ay is an H'-atom. An atom in H' is a function a with mean value zero
supported in an interval Q, satisfying a size condition like [lall, < [Q|71/2. If H is
the Hilbert transform it is known that [|[Hall; < C and from this we may deduce
that H maps H! into L!. Also, the dual of H! is BMO. In this way the Hilbert
transform is naturally related to the spaces H' and BMO. The work of this section
is modeled on the Hilbert transform, where we will obtain a Hardy space and a
dual space related to the operator T.
Recall that T is given by

. B(y)
T =1 — —v)dy.
f(x) slféjng > flx—-y)dy

We are looking for atomic spaces that T maps into L!. The elements of these
atomic spaces are of the form >, Agax with >, [Ax| < o, like H!. The atoms have
different size conditions on their L? norm depending on the situation. The space

H} is characterized by atoms where [lall, < C|Q|~'?B(]Q])~! and H}g’l atoms
are absolutely continuous satisfying [la’ll, < CIQ[*/2B(|Q]).

Investigating the mapping properties of T on these atomic spaces, we have
found an underlying principle at work. First, if the atoms are “smooth,” that is
absolutely continuous, with a size condition on the derivative of a, then T maps
Hy' into L' continuously, for all B € B. Without a smoothness assumption on
the atoms, the nature of the kernel’s singularity at zero is fundamental. If B is
bounded and B € B so that K has a singularity like 1/x at the origin, then T is
bounded from H'! into L!. If the associated constant ¢, from Lemma 2.4 is less
than one, then T maps H}, into L! continuously.

Finally, for a// B € B we find that the Hilbert transform is bounded on H 3
and Hy'. Given this we are able to improve the mapping properties of T and
conclude that T actually maps H} and Hy' into H! continuously.

We show that T maps the spaces Hj and Hyy" continuously into L! by check-
ing that [|[Tall; < C for some constant independent of the atom a. M. Bownik
[3] has shown that one must exercise caution when deducing the continuity of
an operator from its action on atoms. Theorem 3.2 below allows us to avoid the

pitfalls that M. Bownik warns us about [3, p. 3540-3541].
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Definition 3.1. We call a function a € L?(R) an atom if there exists an
interval Q such that

(i) Supporta c Q,
(i) Ja —0.

Theorem 3.2. Let A be a class of atoms for which there exist an operator T and
a constant C such that
ITall; < C

foralla € A. Let X be a set whose elements are pairs of sequences (A, ax) -, where
Ak € Cand Y |Ax| < o, and ax € A. Then, if we define an equivalence class on X
such that two elements (A, ax) and (Ux, ex) are equivalent if and only if

(3.1 > AxTay = > pxTex,

then X is a Banach space. We write the elements of X as formal sums Y Axay, where
(Ak, ax) is any representative element of its equivalence class. The norm of an element
f € X is given by

£l = inf{ 3 1Akl = 3 Aear € Lf1}.

By the definition of the equivalence relation, T is automatically well defined and one-
to-one on X, if we define the action of T on X by

T( Z Akak) = Z AkT(}Lk.

Proof The sums in (3.1) converge in L! so there is no question about their
existence. Also, since > |Ax| [|[Taxlli converges, any rearrangement of >, Agay will
be in the same equivalence class. For the time being we write an equivalence class
in X as [ f] where f is a representative formal sum from the class. We make X
into a vector space by defining

Multiplication by a scalar: &[> Axax] := [ (xAx)ak],

Addition: [> Axak] + [X prek] := [X(Ap)k(ae)],
where (At)ox = Ak, (A)oke1 = Uk, (ae)r = ak, and (ae)y+1 = ex. With
these definitions and our criterion for equivalence the axioms for a vector space
are satisfied.

We check that the norm as defined is indeed a norm:
(a) Suppose [l fllx = 0. Then, there exists a sequence of formal sums in [ f] with

0! coefficients tending to zero. We take fy, € [f] such that f, = X Ankank

and > |[Apk| — 0asn — 0. Thus, 0 < JITfn(X)Idx < Ck|Aukl — 0as

n — oo. Therefore, by Fatou’s Lemma, T'f (x) = 0 almost everywhere. Since
T is one-to-one, f must be in the zero class of X.
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(b) Let @ € C. Then [lafllx = inf{> || [Ak| : 2x Akak € [f1} =[] | fllx.
(c) Let € > 0 be given and choose >, Axax € [f] and > prer € [g] such that

DAkl < e+ Ifllx and 2 [pk| < € + llgllx. Then, >.(Ap)k(ae)x € [f + g].
Hence,

If+glx < D 1AWl < D 1Akl + D 1l < (1 f1lx + lgllx + 2e.

Therefore, X is a normed vector space. It is also a complete. This can be proven
in much the same way that one sometimes proves that L? is complete, see Rudin
(10, p. 67], for example. We give an abbreviated proof.

Suppose fn is a Cauchy sequence in X. Choose a subsequence fy, whose

consecutive terms grow closer and closer together, that is || fn,., — fnllx < 27X
Let

f :fm + Z fnk+1 _f'l’lk'
k=1

Since the differences fi,,, — fn, are in X, we may choose numbers A; and atoms
akj in A such that fy,,, — fu, = Z;—O:l Agjakj and

> 1
DAk < N fues = Frellx + 7
j=1

Also, fn, € X aswell so fy, = X721 Adiai(x) where 37, |Ai| < C. Now, f € X
since it has an atomic decomposition given by

[o] (o) [e9)
f=2 Niai+ >, D Axjax;,
i=1 k=1j=1
where 3771 [Ai] + 22 2721 [Akj| < C + 2. It is now routine to show that fp,, —
S in the X norm, and since a Cauchy sequence with a convergent subsequence

converges, X is complete. O

Definition 3.3. Let B € B. If an atom a is supported in an interval with
radius b, then we call it a B-atom if

1
lall2 < PIB(D)"
If k > 1 and if a*~V is absolutely continuous and

1

(k)
1a®12 <

then we call a a smooth B-atom of order k. We note that smooth B-atoms
are B-atoms (except for an unimportant multiplicative constant) because [lall, <
chlla’ll;. Also, when B is constant, then B-atoms are H! atoms.
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Definition 3.4. The Banach space constructed from B-atoms via (3.1) is
called H} and the Banach space constructed from smooth B-atoms of order k

is called Hll;’k. Sometimes we write Hy? for Hj.

C. Zorko [13] has considered an atomic Hardy space like the H} we present
here and ]. Alvarez [1] has studied Calderén-Zygmund operators acting on this
space. The size condition on the atom [13] is given by llall, < |Q|~Y?B(|Q]),
where B is not an element of B, rather B(x) is decreasing and x!/2B(x) is increas-
ing for x > 0. From this a Banach space is constructed and its dual is BMOg as
described in Definition 3.10. Our construction of Hj, complements these results
because we construct H}, in a special case of B strictly increasing, and find its dual
to be BMOg. Thus, H} as we have defined it, or as C. Zorko defines it, has BMOg
as its dual.

We obtain the necessary estimate |[Tall < C needed to apply Theorem 3.2
in Theorem 3.7. Later, we see how the size conditions in Definition 3.3 can be
applied to get the mapping properties for T. As we might expect, estimating the
L' norm of Ta away from the support of the atom a is easier. Remarkably, the fact
that the kernel may be more singular at infinity than 1/x poses no problems. We
have for any atom (no just B-atoms) centered at the origin, the following theorem.

Theorem 3.5. Let B € B and K(x) = B(x)/x; then there exists a constant C
such that
IK * allp (r-20) < Cb'?B(b)|all»

for any atom a supported in Q = [—b, b].

Proof. Since a has mean value 0 and since x € R - 2Q,
K % a(x)| < jQ K(x - 3) - K(x)|la(y)| dy.
Thus,
JDHQ K % a(x)|dx < jQ JDHQ K(x - v) - K(x)| la(y)] dx dy.

Given a point X € R — 2Q and a point ¥ € Q, there is a point X between x — ¥
and x such that
IK(x —y) —K(x)| = [K'(x)| ¥

by the Mean Value Theorem. Since |[x —y| > |x|—|y| = |x[/2 and |x| > |x|/2,
we have that |x| = |x|/2. By (2.2) and since K(t)/t is positive and decreases
as [t| grows, |[K'(x)| = —K'(X) < ;K(x)/x < c2K(x/2)/(x/2). By (2.4),
K(x/2)/(x/2) = 8K(x)/x. Once again, by (2.2), K(x)/x < e [-K'(x)].
Thus, |[K'(x)] < C[-K'(x)].



1472 RYAN BERNDT
Therefore,

b o0
J IK*a(x)IdstJ Ia(y)llyldyj —-K'(x)dx.
R-20Q -b b

Also, Jj - K'(x)dx = K(b) = B(b)/b, and

b
| laoiiyvidy < cv*2al,

hence
IK * allpir-2q) < Cb'?B(b)||all;.

Estimating the L! norm of Ta near the support of a requires a consideration
of subclasses of B or a smoothness assumption on a. Here, the singularity at zero
in the kernel has a dramatic affect on the operator’s mapping properties.

Theorem 3.6. Let B € B and K(x) = B(x)/x and Tf = pv(K * f). Also, let
a be an atom supported in an interval Q = [—b,b]. Then,

(i) IfB is bounded, then
ITallL 20) < CbY?|all;.
(i) IfBe€ Band1 - c; = infx>0 B (x)x/B(x) > 0, then
ITallL 20) < Cb'?B(b)llall,.
(iii) Ifa is absolutely continuous, then
ITallL2q) < Ch>2B(b)|1a’ l,.

Proof. (i) Since B € B and B is bounded, T is bounded on L*(R) by Theorem
1.1, so (i) follows by an application of Hélder’s inequality.

(i) Since B € B and ¢; < 1 in Lemma 2.4 we have

rK(t)dt < B(s),
0

l—Cz

following by an integration by parts in the same way (2.6) was derived. Thus,

J IK * a(x)|dx sj IK(y)IJIa(X—y)IdJ’
2Q 3Q

3b
< Cllal K(t)dt
0

< CllallB(3b)
< Cb'?B(b)llall,
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because by (2.4), B(3b) < 3B(b).
(iii) Let x € 2Q. Define the truncated kernel K, = KX{(y.|y|>e)- We write

K. % a(x) = j +J K(y)alx —y)dy
- j KO)[alx - y) - alx + y)]dy,

using the fact that K is odd. Since a is supported in [-b, b] and x € [-2b,2b],
the above integral is zero when y > 3b. So we may as well write the integral over

[€,3b] and

3b
Ke xa(x) = K(y)la(x —y) —alx+y)]ldy

&

3b 1 xX-y
=2 yK(y)(—J a’(t)dt) dy.
£ 2)’ x+y

The term in parentheses is dominated by the Hardy-Littlewood Maximal function
ofa’, M(a’)(x). Hence,

3b
|Ke x a(x)] < CM(a’)(x) . YK(y)dy.

Since IMa’llp12g) < Cb'Y2||Ma’ll, < Cb'?||a’|l; and K () is integrable on
[0,3b] by (2.6), K¢ * a(x) is bounded by an integrable function independent of
€. Thus, the Dominated Convergence Theorem implies

3b
(3.2) lgii%Ke *a(x) = . K(y)la(x —y) —alx+y)ldy

for x € 2Q. Therefore, K * a(x) exists as a principal value convolution and has
the representation (3.2) as a function for x € 2Q. Now, if we apply the estimate
for the integral of YK (y) as given in (2.6) along with the standard L? estimate for
M(a') we get

2b 2b 3b
J K x a(x)|dx <C M@a')(x)dx YyK(y)dy
—2b —2b 0

3b
< CbhY% |||, . YK(y)dy

< Cbh**B(b)lla’|>.
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Theorem 3.7. IfB € B and K(x) = B(x)/x and Tf = pv(K * f), then we
have the following mapping properties for T.

(i) IfB is bounded, then T : H' — L' continuously, that is

ITf1l < Cllf g

(ll) []FB € B andl —Cy = ian>0B,(X)X/B(X) > 0, then T - H11§ - Ll continiu-
ously, that is
IT £l < Cll Ly,

(iii) In general, T - Hg' — L' continuously, that is
ITfIl < ClL Nl

Proof. Let a be an atom supported in Q = [-b, b].

(i) Ifa is an H! atom, then ||all, < b~1/2. By T heorems 3.5 and 3.6 and since
B is bounded,

ITall; = ITallpyr-20) + ITallL2q)
< C(b'?B(b)llal, + b'?|lall,)
<C

where C depends on || B[ «.
(i) If a is a B-atom, then |lall, < b~12B(b)~!. By Theorems 3.5 and 3.6 we
have

ITall; = ITallpyr-20) + ITallL2q)
< C(b'?B(b)llall, + b'?B(b)|lall>)
< C.

(iii) Ifa isa smooth B-atom of order 1, then ||a’[l; < b~—3/2B(b)~!. By Theorems
3.5 and 3.6 we have

Talli = ITallpy(r-20) + ITallzr20)
< C(b'*B)llal, + b**B(b)|a’ll2)
< Cb*2B(b)|a’ll,
<C.

Now, completing the proof for each of the three cases is the same. We just prove
(i) and the others follow in the same way. Let f € H} where f = 3 Agay and
where > [Ax] < 2||f||H11g. If the support of ay is not centered at the origin, then
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we translate it to the origin. Since convolutions commute with translations and
the L' norm is invariant under translations, we have || Tax|l; < C. Hence,

Tl < > Al ITalh < € Y 1Akl < Cll fll gy m

Now we show that the Hilbert transform operates continuously on H} and
Hy*. This will give us the following improvement to Theorem 3.7.

Theorem 3.8. IfB € B(x) and K(x) = B(x)/x and Tf = pv(K x f), then
if T : Hy — L continuously, then T : Hy — H' continuously, so

IT Il < CILF -

Similarly, T ahways maps Hy* into H' continuously, so

ITar < CILF Nl e,

forallk > 1.

Proof. By Theorem 3.9, if f € Hl’k, then Hf € Hllg’k for any k > 0. Thus,
under our assumptions H(Tf) = T(Hf) € L' and Tf € L' hence Tf € H!.
Now, showing the continuity is routine (for the H! norm we use the equivalent
norm gy + [IHg ). =

Theorem 3.9. If B € B and f € Hllg’k for some k = 0, then there exists a
constant C such that

IELf Nl g < CULAN e

Proof. We show that if a is a B-atom with smoothness k = 0, then we may
decompose Ha so that

(3.3) Ha(x) = > Aja;(x)

where each a; is a B-atom with smoothness of order k and > [A;| < C. Once
we have shown (3.3), then we may take any f € H};k where f = > urex with
>kl < 201 gy and apply H to it to get ||Hf||H;,k < CIIfIIHé,k.

We now prove (3.3). Without loss of generality we may assume that a is sup-
ported in the interval [-b, b]. We decompose the kernel of the Hilbert transform
via a partition of unity. The partition of unity [6, p. 322] is given by C*® functions
@, where j =0, 1, 2, ..., that satisfy

(i) @) =0
(i1) Z;Ozo @;(t) =1forall t € (0, )
(iii) @y is supported in [0, 2b]
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(iv) @j is supported in [2/71b,2/"1b], for j =1, 2,3, ...
W 1 @) <dgt ™ forallt >0,k=0,1,2,...,j=0,1,2,...

Let h(x) = (1tx) ! be the kernel of the Hilbert transform. Let hj(x) = h(x)@;(Ix])
for j=0,1,2,.... Then,

(3.4) 1h (x)| < T

Also, h(x) = h(x) X7, @;(Ix]) = X7 h(x)@;(Ix]) = 2o hj(x). We note
that for any x this sum has at most three terms because of the locations of the
supports of the functions @ ;. Thus,

Ha(x) =hxa(x) = > hj*a(x).
Jj=0

Now, h = hg + hy + h; is supported in [—-8b, 8b] and gives rise to a bounded
operator on L?(R) since the Hilbert transform is itself bounded on L?. Thus, for
some constant A,

- A
(k) (k) B
Ilhxa™ |, <Alla™] < DEB(D)

The function i * a is supported in [-8b,8b] + [-b,b] = [-9b,9D] and has
mean-value zero. By (2.4), the weak dilation property of the functions B, B(9b) <
9B(b), so we have

- k+3/2
(9b)k+1/2B(9b)

Hence, we may write h % a(x) = Agdo(x) where Ag = 9%3/2A4 and ay is a
B-atom with smoothness of order k.
We now consider the case j > 3. Since a has mean-value zero,

b
R a0 = [P - ) - hP 0la) dy.
By the Mean Value Theorem and (3.4)

||

b
W % a(x)| < CL} ez lanldy

for some t between x — ¥ and . We may as well assume that x is in the support
of hj * a. We have

supphj * a(x) C {x:2/7'b < x| < 2/*'b} + {x: 0 < |x| < b}
ci{x:27"'b—b < |x| <2/*'b + b}.
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Since ¥ € [~b,b] we have |x — y| = |x| - |¥] = 2i=1p — 2b > 272p. Also,
|x| = 2772b. Thus, |t| = 272b = C2/b. Therefore,

C b
WL} lylla(y)ldy
3/2
WHGLHZ
= 27(k+2) hk+1B(h)’

W9 % a(x)| <

<C

The support of hj * a(x) is contained in the interval [-2/72b,2/%2b], so we
observe

1 B (2j+2b)k+lB(2j+2b) 1
bk“B(b) - bk“B(b) (21+2b)k+1B(21+2b)
<o B 1
= B(b) (2i+2h)k+1B(2i+2D)
1

< C2(j+2)(k+1)+jc0

(2j+2b)k+1B(2j+2b) )

To get the last inequality we applied Lemma 2.3. That is, B(2/*2b) < (2/*2)%B(b)
where ¢g < 1 is the constant associated to the function B. We now have

2(j+2)(k+1)+jc0 1

(k)
lhi" xalx)| <C 27 (k+2) (27+2p)k+1B(27+2p)

- C2% 1
- (21—c0)j (2j+2b)k+lB(2j+2b)'

If we let hj * a(x) = Ajaj(x), where A; is the quantity above in parentheses,
then a; is a B-atom with smoothness of order k. Also, the sum of the coeflicients
is bounded above by a constant not depending on the atom:

DAl =952 A+ 3 A,l
J=0 Jj=3
1-co)

_ 9k+3/2A + C22k 2%
2 1

This proves (3.3) and therefore Theorem 3.9. O

To better understand these atomic spaces as they are defined we find the dual of
one them, namely H 11;.
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Definition 3.10. The space BMOg is the set of all locally integrable functions
g such that there exists a constant C where

1 5 1/2
(@jQ|g<x>—gQ| dx) < CB(Q))

for all intervals Q@ C R. The smallest constant C such that this holds is called
the BMOg (semi) norm of g and is written [|gllgmo,. When B(x) = 1, then
BMOg = BMO.

Theorem 3.11. The dual of H} is BMOg.

This theorem is a consequence of Lemma 3.12, and Theorems 3.13 and 3.14
below.

Lemma 3.12. The set of all elements in H}, given by finite sums is dense in H}
under its norm.

Proof. Let g € H} where g = ¢, Axak. Let gn = X} Akak be the
sequence of partial sums. We show that g,, converges to g in the Hj norm. By

definition we know that A forms an £! sequence. Hence, given € > 0 there is an
N such that >7_, |Ax| < € for all n > N. But, by definition

g = gnlley = | 5 Near ()|, < S Al
k=n k=n

Thus, gn converges to g in the H} norm. O

Theorem 3.13. Let f € BMOg. The linear functional given by

0g) = Y A [ foarx) dx = fim [ £00 3 Mar(x) dx,
k=1

k=1

where g = Y Apax € Hp, is well defined and bounded on H}. Alo, 12| <
CllfllBmoOg-

Proof. Suppose g € [0] the zero class in H}; then ||g||H11q = 0. Given € > 0,
there exist numbers g and B-atoms ey such that > |ug| < € and g = > ugeg. If
each ey is supported in Qy, then

Hf(x)ek(x)dx\ < (jQ () —ka|2dx)m||ek||z < Cllf lsos.

Thus [€(g)] < CllfllBmos Xk=1 IMk| < Ce and so £(g) = 0. This proves that ¢
is well defined. Now, showing that £ is bounded on H}, is entirely similar. Take
g=>Aay € H}; where > [Ax] < CIIgIIH};. Then, [€(g)| <

Cliglmllf lBmos- =
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Theorem 3.14. If{ € (H V¥, then there exists a Sfunction f € BMOg such that
0g) = | Fe09(x) dx

for all g € H} which are finite linear combinations of B-atoms. By Lemma 3.12 we
may extend £ to Hy. Also, || fllzmo, < CII2I.

Proof. The proof of this theorem follows a standard proof for H!. A sketch
of it can be found in Stein [12, p. 143]. Let £ € (H})* have norm [|£||. Fix a
closed interval Q C R with length 2b. Define A(Q) = {g € L? : suppg C Q,

and Jg = 0}. The set A(Q) is a Hilbert space under the L? norm. If g € A(Q),

then
1

g _
H 1916 2B(b) H = pI2B(b)

So, g is a multiple of a B-atom and
Igllgy < lgll2b'/2B(b).

If we restrict £ to A(Q), then [€(g)| < |||l lglyy < 1]l llgllob'2B(b) for all
g € A(Q). Thus, the norm of £ on A(Q) is less than or equal to [[£|/b'/2B(b).
By the Riesz representation theorem, there exists a function f Q € A(Q) such that

0(g) = jQ F2(x)g(x) dx

for every g € A(Q) and where || f?|l, < [|€]lb'?B(Db). To each interval Q with
length 2b there is associated such a function f Qe A(Q).

Suppose Q1 © Qa3 then £(g) = JQ FO(x0)g(x) dx = JQ F(x)g(x) dx

forall g € A(Q1). Hence, for any constant ¢ we have
J,, 1% 00 = £ () ~elg (o dx = 0

forall g € A(Q;). Since [ f2(x) — fQ (x) — (f& - le)Ql]xQ](x) € A(Qy)

we must have
JQ 2 x) — O (x) — (f — fO)q, Pdix = 0.

Thus, f@ and f differ by a constant on Q. In fact, f@(x) — fQ(x) =
(fQ - fQ)q, = fQQl2 since f2' has mean-value zero on Q.
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Let Q j be an increasing sequence of intervals converging to R. Let i be the
function associated with the interval Q;. Let f(x) = f? (x) for x € Q; and

f(x) = fU(x) - fglj for x € Qj, j = 2. A careful analysis shows that f is well
defined.
Now, let Q be an arbitrary interval and let g € A(Q) where |Q| = 2b. We

know £(g) = JQng, where || f2|l, < I€]lbY2B(b). But, we also know that

since Q C Q; for some j, fQ(x) - f2x) = fQQ7 So,
) = JQ<fo (x) = f&g(x) dx
- |, 00 - f8ha o) dx

= Jf(x)g(X) dx.

Also, since f(x) — fo = f%(x) _fQQIJ - fo = f%(x) +fQQj —lej - fo, and
fo = (FU() = fgda = fo' ~ fo; we have £(x) = fo = f2(x) and

1 ) 1/2 ;
(@JQ £ - falPdx) < cleIB(QD

because || f2|l> < [1€]Ib'/*B(b) and B(b) < 2B(2Db). O
4. EXAMPLES OF Hj AND BMOg

We have seen that, when B(x) = 1, H 11; and BMOg are the conventional spaces
H' and BMO. We present some other examples of the spaces H and BMOjp here,
as well as some related spaces that have been studied by other authors.

Let B(x) = |x|* with 0 < & < 1. For the purpose of this example we write
BMOjg as BMOy and Hj as HY. Let g € BMOg; then by definition

1 1/2
(4.1) (@Jlg(x)—ngde> = ClQl“.

By the work of Meyers [7] and Campanato [4], the functions that satisfy (4.1)
are known to be the space of Lipshitz functions of order & when we consider two
functions that differ by a constant to be equal. Writing this quotient space as
Lip(), we have

BMOq = Lip(x).

Any power of p, 1 < p < o0, in the mean oscillation on the left of (4.1) may be
used to characterize Lip(«). These results may be found in Garcia-Cuerva and
Rubio de Francia [6, p. 299], for example.
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The functions satisfying (4.1) with |Q|* replaced with [Q[™%, 0 < & < %,
define the Morrey space LY (R) where y = 1 — 2. See the paper of J. Peetre
[9, p. 72].

Regarding the continuity of the elements of BMOp we mention a result of
Spanne [11]. If B(x)/x is decreasing, as is the case for B € B, and

(4.2) j|g<x>—gQ|dxscB(|Q|>,

1
Q|
then g is necessarily continuous provided B(x)/x is integrable on [0, 1]. Spanne

has also shown that if B(x)/x is not integrable on [0, 1], then there exists a func-
tion g satisfying (4.2) that is neither bounded nor continuous.

Consider the atomic Hardy spaces H? where 2 < p < 1. A function a is an
HP atom if a is supported in an interval of length 2b and
(i) Supporta c Q,
G | a-o
Q
(iii) llally < bV/21r,
Then, H? is defined to be

HY = {é Apdte () : (é Awl?) " < o]

Here, the ay are HP atoms and the Ay are numbers. Now, if ®x = 1/p — 1 and
B(x) = |x|%, then B-atoms correspond to H? atoms. It is known [6, p. 307] that
(HP)* = Lip(c) and by Theorem 3.11 the dual space of H} is BMOy, which in
turn equals Lip(«). Therefore,

(Hy)* = Lip(x) = (HP)*

for % <p <land & =1/p — 1. However, H/, is not equal to H?, because H is
not complete whereas H}, is complete.
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